
L
. R

en
, P

. R
en

47

Applied  Econometrics  /  ПРИКЛАДНАЯ  ЭКОНОМЕТРИКА

Stock markets	 Фондовые рынки

2021, 61

Прикладная эконометрика, 2021, т. 61, с. 47–61.
Applied Econometrics, 2021, v. 61, pp. 47–61.
DOI: 10.22394/1993-7601-2021-61-47-61

L. Ren, P. Ren1

Type I error of t-tests from the simple moving 
average technical trading rules

Numerous studies have demonstrated the inefficiency of the market via applications of t-tests 
on returns from Buy and Sell Days. In this study, we highlight large type I errors associated 
with the tests and show that it is inappropriate to use t-tests on returns from Buy and Sell 
Days to support market inefficiency.
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1. Introduction

W hereas fundamental analysis uses a firm’s financial statements to evaluate the company’s 
performance, technical trading rules seek to identify patterns and trend changes in market 
prices. As seen in studies such as (Brock et al., 1992; Chang et al., 2006; Coutts, Cheung, 

2000; Kirkpatrick II, Dahlquist, 2015; Pring, 2014), researchers often focus on comparisons of 
mean returns from Buy and Sell Days in technical trading strategies to conclude that technical 
trading strategies may be profitable, thus implying market inefficiency. In this study, we present 
quantitative evidence that suggests that the latter conclusions are in fact spurious.

One of the most popular technical trading rules is the simple moving average technical trading 
rule (Pring, 2014). Under the simple moving average trading rule, a Buy (Sell) signal emits when 
short-term moving averages exceed (fall below) long-term moving averages.

Conditions can be added to the simple moving average trading rule by specifying different 
lengths of short-term and long-term averages or a band of a percentages. We will denote these 
conditions as MA( , , )S L a , where S is the length of short-term moving averages, L is the length of 
long-term moving averages, and a is the percentage band.

As in (Coutts, Cheung, 2000), and (Kwon, Kish, 2002), a day at time t  is “classified or la-
beled” as a

	 Buy Day if   1  ( )
= − = −

≥ +∑ ∑
t t

i t S i t
i

L
iP a P ; otherwise, a Sell Day if  1   ( )

= − = −

+<∑ ∑
t t

i t S i t
i

L
iP a P . 	 (1)

Following a study by Brock et al. (1992), numerous academic articles have been published 
using moving average trading rules and t-tests on Buy and Sell Day returns to test for market 
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efficiency in various trading markets. Table A12 lists several examples of these publications and 
the market indices investigated, in chronological order. Table A2 lists the sample sizes, sample 
means, and sample standard deviations for daily returns used in those studies, where Rt, daily re-
turn at time t, following (Fama, 1965), is defined as

	      11ln ln  lnt t t tR P P P P   	 (2)

with tP  and 1−tP  are closing stock or index prices at time t.

In this paper, simulation results from the most popular simple moving average rules — MA(1,5,0) 
and MA(1,200,0) — are shown. Results from other variations — MA(1,50,0), MA(1,150,0), 
MA(5,150,0), MA(2,200,0), MA(1,50,1), MA(1,150,1), MA(5,150,1), and MA(2,200,1) — are 
similar. Our simulation study shows that the t-tests applied on Buy and Sell Days returns from pre-
vious studies in Tables A1 and A2 result in a false rejection of the efficient market hypothesis.

Various versions of the random walk hypothesis on (logarithmic) returns are discussed 
and tested in (Campbell et al., 1997). However, other studies on moving average trading rules 
follow different approaches, i.e. (Brock et al., 1992; Chang et al., 2006; Coutts, Cheung, 2000; 
Kirkpatrick II, Dahlquist, 2015, and Pring, 2014). These studies attempt to apply the logic of modus 
tollens or modus tollendo tollens rather than proving that the time series for returns 1 2, ,..., nR R R  
can be versions of random walk. After reclassifying the observations into Buy and Sell groups, say  
{ 1 2, ,...,b b bmR R R } and { 1 2, ,...,s s smR R R } with + =bm sm n , the groups should be two independent 
samples. If they are, then the t-test for independent two-samples can be soundly applied to test 
whether the two groups have equal means or not. Because { 1 2, ,..., nR R R } and { 1 2, ,...,s s smR R R } 
are sub-groups of i.i.d. time series { 1 2, ,..., nR R R }, they should have equal means. Therefore, 
if t-tests for independent two samples can show that the Buy and Sell sub-groups have different 
means, then by the logic of modus tollens or modus tollendo tollens, the time series for returns  
{ 1 2, ,..., nR R R } will not be i.i.d. In actuality, this is a spurious conclusion.

The reclassification of observations via a moving average trading rule such as the one de-
scribed in this article or by some other trading rule (such as the trading break-out rule in (Ren et al., 
2018)) may not be random. In other words, the sub-groups { 1 2, ,...,b b bmR R R } and { 1 2, ,...,s s smR R R } 
for Buy/Sell days may not be independent. Therefore, the t-test for independent two samples can-
not be applied on { 1 2, ,...,b b bmR R R } and { 1 2, ,...,s s smR R R }. The t-tests for independent two-sam-
ples are different from the t-tests used to test whether or not the time series for returns 1 2, ,..., nR R R  
are i.i.d. (Campbell et al., 1997, pp. 33–41; Gabaix et al., 2006). The former erroneously assumes 
that 1 2, ,..., nR R R  are i.i.d. In this study, we show that the type I error derived from the t-tests dis-
cussed in the next section are large. Researchers should not use the results of rejections from such 
t-tests to claim that the market is not efficient due to prevalent type I errors.

2. Data analysis

In Fama’s seminal 1970 study, market efficiency is classified into “weak”, “semi-strong”, 
and “strong” forms. Under the weak form of market efficiency, all historical information is reflected 
in the stock price today; therefore, technical analysis cannot help investors predict the stock’s 

2	 All tables marked with ‘A’ are in the Appendix.
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future price behaviors. Under the semi-strong form of market efficiency, all public information is 
reflected in today’s stock price; therefore, investors cannot use the help of technical nor fundamen‑
tal analysis to gain abnormal returns in the market. Under the strong form of market efficiency, 
all public and non-public information is reflected in the current stock price; therefore, an investor 
cannot gain abnormal profits by using any type of information from the market. If the market is 
weak-form efficient, prices follow a random walk and the daily returns tR  in equation (2) are in‑
dependently and identically distributed (i.i.d.).

2.1. I.i.d.ness under normal distribution

In the most ideal situation, we assume that for different market indices tR  follow i.i.d. nor‑
mal probability distributions (Fama, 1965) with the means and standard deviations listed in Table 
A2. From equation (2) ( )1ln −=t t tR P P , we have 1−= tR

t tP P e . Without the loss of generality, we 
let 0 100=P . Accordingly, from simulated i.i.d. normal daily returns 1 2, ,..., nR R R , we will be able 
to generate daily price time series 1 2, ,..., nP P P . When we apply the trading rules MA(1,5,0) and 
MA(1,200,0) to the simulated daily price time series, every trading day from Day 5th to Day 200th 
can be classified or labeled as a Buy or a Sell Day according to equation (1). Results from the t-tests 
are listed in Tables A4 and A5, where

	 1
µ−

= b b

b

XT
s n

 for testing :µ µ=
b0H  v.s. : µ µ≠ baH ,	 (3)

	 2
µ−

= s s

s

XT
s n

 for testing :µ µ= s0H  v.s. :µ µ≠ saH , and	 (4)

	 3 2 2

−
=

+
b s

b b s s

X XT
s n s n

 for testing :µ µ=b s0H  v.s. :µ µ≠b saH ,	 (5)

µb  and µs  are population means, bX  and sX  are sample means, bs , ss  are sample standard de‑
viations, and bn , sn  are sample sizes for daily returns of Buy and Sell Days, respectively.

In our simulation study, we first generate 1−n  i.i.d. random values for returns, 1 2 1, ,..., −nR R R ,  
with a mean µ  equal to X , and a standard deviation of σ  equal to s, where the X  and s are given 
in the last two columns in Table A2. We can now generate a simulated series of prices tP , where 

1 100=P  and 1−= tR
t tP P e .

To illustrate, for the trading rule MA(1,5,0), P5 is compared to the average of P1 through P5. 
If P5 is greater or equal to the average of P1 through P5, Day 5 is classified or labeled as a Buy 
Day; otherwise, Day 5 is classified or labeled as a Sell Day. We continue this process from Day 5 
to Day n. T-tests in equations (3) – (5) are then applied to returns in Buy and Sell Days. Partial re‑
sults from our simulated data for the DJIA can be found in Tables A3.

From Tables A4 and A5, if researchers use the results of t-tests to test for market efficiency, then 
at the 0.01 significance level, we would reject H0’s from the t-tests 1% of the time and would ac‑
cordingly conclude the markets were not efficient; however, the markets are indeed efficient with 
simulated daily returns from i.i.d. normal probability distributions. Therefore, researchers should 
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not use the results of rejections from t-tests to claim that the market is not efficient due to preva-
lent type I errors.

As shown in Tables A4 and A5, we have obtained similar results of large type I errors from sim-
ulated i.i.d. returns for different price indices using various MA( , , )αS L trading rules.

2.2. I.i.d.ness under t-distribution with 3 degrees of freedom

In the last section, the numerical results in Tables A4 and A5 are obtained under the most ideal 
normality assumptions for the returns as defined in equation (2). However, many works in the lite
rature indicate that the distribution of financial returns typically exhibits deviations from normal-
ity and are stylized as heavy-tailed (Embrechts et al., 1997; Gabaix et al., 2006; Gabaix, 2009, 
and Ibragimov et al., 2015).

The heavy-tailedness for the distributions of financial returns is usually modelled using power 
laws (PL). Gopikrishnan et al. (1999) established an inverse cubic PL model for stock market re-
turns over 200 million data points. They found that the distribution function of logarithmic re-
turns defined in eq. (2) for the 1000 largest U. S. stocks and several major international indices is 
( )P | | ξ−>tR x Cx∼  with 0>C , 3ξ ≈  and when →∞x  (where ( ) ( )f x g x∼  as →∞x  means 

that lim ( ) ( ) 1
→∞

=
x

f x g x ). This relationship holds for positive and negative returns separately. We can 
repeat our simulation analysis using this new set of assumptions.

For a Student t-distribution with three degrees of freedom, T(3), it follows the above 
PL with a tail index 3ξ ≈ . The expected value of T(3) is ( )E (3) 0=T  and its variance  

is ( ) 3Var (3) 3
3 2

= =
−

T . All kth moments ( )E (3)kT , where k is greater than d.f.=3, do not ex-

ist as shown being a variable has a PL exponent 3ξ = . We can generate i.i.d. T(3) distributions  
for returns via Microsoft Excel, R, Matlab etc.

Our study shows that if the markets are indeed efficient with simulated daily returns from i.i.d. 
T(3) distributions, researchers should still not use the results of rejections from t-tests to claim that 
the market is not efficient due to prevalent type I errors.

3. Conclusion

Jensen and Bennington (1970) once said that that given enough computer time, we are sure 
that we can find a mechanical trading rule which “works” on a table of random values — pro-
vided of course that we are allowed to test the rule on same table of numbers which we used to 
discover the rule (p. 470). His brief simulation article shows that almost all of the time the mov-
ing average mechanical trading rules work via popularly used t-tests. However, the use of t-tests 
for hypotheses in equations (3) – (5) causes huge type I errors by rejecting the claim that markets 
are efficient when the markets are indeed efficient from simulated i.i.d. normal market price in-
dices. Therefore, researchers should not use the results of rejections from t-tests to claim that the 
market is not efficient due to prevalent type I errors.

We did not address the appropriateness of using the t-tests since observations in Buy and Sell 
Days or between themselves may not be independent. Regards to the independence issue, please 
refer to (Ren et al., 2018) for a study on the runs test.
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Appendix

Table A1. Market efficiency studies by using the moving average trading rules

Market indices Academic articles
1 DJIA Brock et al. (1992) 
2 Six Asian Stock Market Indices Bessembinder, Chan (1995) 
3 FT30 Hudson et al. (1996) 
4 Hang Sheng Market Index Coutts, Cheung (2000) 
5 NYSE Kwon, Kish (2002) 
6 Italian Stock Market Index Metghalchi, Chang (2003) 
7 S&P 500 Metghalchi et al. (2005) 
8 Taiwan Stock Market Index Chang et al. (2006) 
9 Austrian Stock Market Index Metghalchi et al. (2007) 

10 Swedish Stock Market Index Metghalchi et al. (2008a) 
11 Mexican Stock Market Index Metghalchi et al. (2008b) 
12 Hong Kong, Singapore, South Korea, Taiwan Metghalchi et al. (2009) 
13 Irish Stock Market Index Armour et al. (2010) 
14 S&P 500 Pistole, Metghalchi (2010) 
15 Danish Stock Market Index Chen et al. (2011) 
16 NASDAQ Metghalchi et al. (2011) 
17 Abu Dhabi Stock Index Metghalchi, Garza-Gomez (2011) 
18 Brazilian Stock Market Index Chen, Metghalchi (2012) 
19 Taiwan Stock Market Index Metghalchi et al. (2012a) 
20 Sixteen European Stock Market Indices Metghalchi et al. (2012b) 
21 Irish Stock Market Index Metghalchi, Garza-Gomez (2013) 
22 Vietnam Stock Market Index Metghalchi et al. (2013) 
23 Nairobi Stock Market Index Metghalchi et al. (2014a) 
24 Poland Stock Market Index Metghalchi et al. (2014b) 
25 Greece Stock Market Index Metghalchi (2015) 
26 Madrid Stock Market Index Metghalchi et al. (2015) 
27 NASDAQ Metghalchi et al. (2016) 
28 Bulgarian Market Index Metghalchi et al. (2019a) 
29 Iceland Market Index Metghalchi et al. (2018) 
30 Emerging Market Index Metghalchi et al. (2019b) 
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Table A2. Sample size, sample mean, and sample standard deviation studied in various articles

Market indices Years n x s
1 DJIA 1887–1986 25036 0.00017 0.0108
2 Six Asian stock market Indices 1975–1987 ≈3950 0.00065 0.0149
3 FT30 1935–1994 14802 0.00026 0.0100
4 Hang Sheng Market Index 1985–1997 3061 0.00074 0.0412
5 NYSE 1962–1996 8685 0.00029 0.0082
6 Italian Stock Market Index 1973–2002 7776 0.00036 0.0136
7 S&P 500 1954–2004 12625 0.00030 0.0092
8 Taiwan Stock Market Index 1983–2002 4895 0.00069 0.0208
9 Austrian Stock Market Index 1990–2006 4312 0.00023 0.0088

10 Swedish Stock Market Index 1986–2004 4878 0.00041 0.0145
11 Mexican Stock Market Index 1988–2004 4175 0.00097 0.0163
12 Hong Kong, Singapore, South Korea, Taiwan 1969–2005 9269 0.00033 0.0199
13 Irish Stock Market Index 1989–2009 4193 0.00013 0.0122
14 S&P 500 1992–2009 4183 0.00017 0.0121
15 Danish Stock Market Index 1993–2010 4455 0.00033 0.0122
16 NASDAQ 1971–2007 9625 0.00034 0.0116
17 Abu Dhabi Stock Market Index 2001–2010 2348 0.00036 0.0229
18 Brazilian Stock Market Index 1996–2001 3838 0.00061 0.0220
19 Taiwan Stock Market Index 1990–2010 5152 0.00014 0.0170
20 Sixteen European Stock Market Indices 1990–2010 5172 0.00020 0.0086
21 Irish Stock Market Index 1988–2010 ≈4393 0.00018 0.0117
22 Vietnam Stock Market Index 2002–2012 2732 0.00023 0.0154
23 Nairobi Stock Market Index 2006–2013 1624 0.00000 0.1030
24 Poland Stock Market Index 1998–2013 3815 0.00034 0.0139
25 Greece Stock Market Index 2000–2012 3193 –0.00052 0.0178
26 Madrid Stock Market Index 1995–2012 9913 0.00020 0.0119
27 NASDAQ 1972–2015 11423 0.00033 0.0123
28 Bulgarian Market Index 2003–2018 3724 0.00012 0.0132
29 Iceland Market Index 1999–2016 9166 0.00010 0.0195
30 Emerging Market Index 1988–2017 7436 0.00027 0.0138
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Table A3. An illustrated example for simulated DJIA

t Pt Rt MA(5) Buy Sell MA(200) Buy Sell
1 100  — 
2 100.26 0.0026
3 100.05 –0.0021
4 101.95 0.0188
5 99.99 –0.0194 100.45 Sell –0.0194
6 101.54 0.0155 100.76 Buy 0.0155
7 102.16 0.0061 101.14 Buy 0.0061
8 100.87 –0.0127 101.30 Sell –0.0127
9 101.72 0.0084 101.26 Buy 0.0084

10 100.19 –0.0151 101.30 Sell –0.0151

�
200 88.87 0.0165 88.61 Buy 0.0165 88.35 Sell 0.0165
201 89.91 0.0116 88.63 Buy 0.0116 88.61 Sell 0.0116
202 90.13 0.0025 89.03 Buy 0.0025 88.86 Sell 0.0025
203 89.35 –0.0087 89.14 Buy –0.0087 89.00 Sell –0.0087
204 89.45 0.0011 89.54 Sell 0.0011 89.12 Sell 0.0011
205 89.71 0.0029 89.71 Buy 0.0029 89.29 Sell 0.0029
206 91.04 0.0147 89.94 Buy 0.0147 89.49 Sell 0.0147
207 93.18 0.0232 90.55 Buy 0.0232 89.72 Buy 0.0232
208 93.58 0.0043 91.39 Buy 0.0043 89.98 Buy 0.0043
209 94.43 0.0090 92.39 Buy 0.0090 90.23 Buy 0.0090
210 92.81 –0.0173 93.01 Sell –0.0173 90.43 Sell –0.0173

�
25027 1946.52 –0.0122 1961.57 Sell –0.0122 1825.63 Buy –0.0122
25028 1947.01 0.0002 1959.88 Sell 0.0002 1837.44 Buy 0.0002
25029 1958.50 0.0059 1955.67 Buy 0.0059 1849.50 Buy 0.0059
25030 2003.94 0.0229 1965.26 Buy 0.0229 1863.13 Buy 0.0229
25031 2000.58 –0.0017 1971.31 Buy –0.0017 1876.97 Buy –0.0017
25032 2034.44 0.0168 1988.90 Buy 0.0168 1892.45 Buy 0.0168
25033 2013.60 –0.0103 2002.21 Buy –0.0103 1907.49 Buy –0.0103
25034 2033.39 0.0098 2017.19 Buy 0.0098 1921.66 Buy 0.0098
25035 2043.25 0.0048 2025.05 Buy 0.0048 1936.96 Buy 0.0048
25036 2066.45 0.0113 2038.23 Buy 0.0113 1950.98 Buy 0.0113
n 12627 12405 13512 11325
x 0.0063 –0.0061 0.0011 –0.0011
s 0.0088 0.0087 0.0107 0.0106
T1 77.794 10.418
T2 –80.818 –12.378
T3 92.055 16.163
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Table A4. Results for t-tests from MA(1,5,0) to 30 simulated closing or stock index prices 
where their returns following i.i.d. normal distributions

nb ns x b x s sb ss T1 T2 T3

1 12627 12405 0.0063 –0.0061 0.0088 0.0087 77.79
(0.0000) 

–80.82
(0.0000) 

92.05
(0.0000) 

2 2087 1860 0.0089 –0.0084 0.0120 0.0118 31.59
(0.0000) 

–33.20
(0.0000) 

37.40
(0.0000) 

3 7789 7009 0.0059 –0.0057 0.0082 0.0080 60.63
(0.0000) 

–62.36
(0.0000) 

71.29
(0.0000) 

4 1536 1521 0.0243 –0.0230 0.0334 0.0328 27.64
(0.0000) 

–28.22
(0.0000) 

32.34
(0.0000) 

5 4368 4313 0.0048 –0.0048 0.0067 0.0067 44.46
(0.0000) 

–50.26
(0.0000) 

54.68
(0.0000) 

6 4096 3676 0.0080 –0.0076 0.0110 0.0109 44.29
(0.0000) 

–44.37
(0.0000) 

51.10
(0.0000) 

7 6501 6120 0.0054 –0.0053 0.0076 0.0074 54.24
(0.0000) 

–58.82
(0.0000) 

65.67
(0.0000) 

8 2546 2345 0.0119 –0.0122 0.0172 0.0166 32.80
(0.0000) 

–37.55
(0.0000) 

40.76
(0.0000) 

9 2171 2137 0.0054 –0.0051 0.0072 0.0071 33.28
(0.0000) 

–34.89
(0.0000) 

39.07
(0.0000) 

10 2482 2362 0.0084 –0.0085 0.0119 0.0120 33.62
(0.0000) 

–36.23
(0.0000) 

40.37
(0.0000) 

11 2278 1893 0.0097 –0.0094 0.0134 0.0128 30.82
(0.0000) 

–35.17
(0.0000) 

38.48
(0.0000) 

12 4731 4534 0.0117 –0.0115 0.0161 0.0160 48.56
(0.0000) 

–49.77
(0.0000) 

56.62
(0.0000) 

13 2164 2025 0.0073 –0.0070 0.0100 0.0101 33.36
(0.0000) 

–31.64
(0.0000) 

38.00
(0.0000) 

14 2193 1986 0.0070 –0.0070 0.0098 0.0099 32.50
(0.0000) 

–32.36
(0.0000) 

37.45
(0.0000) 

15 2259 2192 0.0073 –0.0069 0.0101 0.0097 32.68
(0.0000) 

–35.02
(0.0000) 

39.14
(0.0000) 

16 5018 4603 0.0068 –0.0067 0.0095 0.0096 48.68
(0.0000) 

–49.54
(0.0000) 

56.76
(0.0000) 

17 1177 1167 0.0141 –0.0130 0.0189 0.0183 24.94
(0.0000) 

–25.01
(0.0000) 

28.53
(0.0000) 

18 2048 1786 0.0118 –0.0111 0.0159 0.0156 31.81
(0.0000) 

–31.82
(0.0000) 

36.46
(0.0000) 

19 2506 2642 0.0100 –0.0098 0.0137 0.0138 35.95
(0.0000) 

–36.99
(0.0000) 

42.12
(0.0000) 

20 2468 2700 0.0514 –0.0503 0.0680 0.0690 37.36
(0.0000) 

–38.04
(0.0000) 

42.81
(0.0000) 

21 2250 2139 0.0134 –0.0134 0.0184 0.0188 34.16
(0.0000) 

–33.37
(0.0000) 

38.70
(0.0000) 

22 1449 1279 0.0088 –0.0089 0.0124 0.0126 26.23
(0.0000) 

–25.76
(0.0000) 

29.48
(0.0000) 
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nb ns x b x s sb ss T1 T2 T3

23 775 845 0.0599 –0.0591 0.0845 0.0824 19.76
(0.0000) 

–20.86
(0.0000) 

23.62
(0.0000) 

24 1992 1819 0.0082 –0.0080 0.0114 0.0113 30.93
(0.0000) 

–31.58
(0.0000) 

36.05
(0.0000) 

25 1511 1678 0.0102 –0.0102 0.0146 0.0142 28.47
(0.0000) 

–27.74
(0.0000) 

32.48
(0.0000) 

26 4993 4916 0.0070 –0.0070 0.0097 0.0096 49.58
(0.0000) 

–52.09
(0.0000) 

58.43
(0.0000) 

27 5845 5574 0.0072 –0.0070 0.0101 0.0101 51.89
(0.0000) 

–54.32
(0.0000) 

61.94
(0.0000) 

28 1917 1803 0.0077 –0.0077 0.0106 0.0109 31.20
(0.0000) 

–30.60
(0.0000) 

35.74
(0.0000) 

29 4605 4557 0.0113 –0.0115 0.0156 0.0160 48.63
(0.0000) 

–48.93
(0.0000) 

56.26
(0.0000) 

30 3858 3574 0.0082 –0.0081 0.0113 0.0111 43.25
(0.0000) 

–45.12
(0.0000) 

50.94
(0.0000) 

Note. P-values are in the parenthesis, and all are significant at a = 0.01.

Table A5. Results for t-tests from MA(1,200,0) to 30 simulated closing or stock index prices 
where their returns following i.i.d. normal distributions

nb ns x b x s sb ss T1 T2 T3

1 13512 11325 0.0011 –0.0011 0.0107 0.0106 10.42
(0.0000) 

–12.38
(0.0000) 

16.16
(0.0000) 

2 2849 903 0.0015 –0.0015 0.0147 0.0145 2.93
(0.0034) 

–4.48
(0.0000) 

5.34
(0.0000) 

3 10726 3877 0.0010 –0.0011 0.0100 0.0098 7.27
(0.0000) 

–8.69
(0.0000) 

11.21
(0.0000) 

4 1755 1107 0.0037 –0.0035 0.0399 0.0410 3.15
(0.0016) 

–3.44
(0.0000) 

4.65
(0.0000) 

5 4392 4094 0.0007 –0.0008 0.0082 0.0082 3.36
(0.0008) 

–8.14
(0.0000) 

8.18
(0.0000) 

6 5127 2450 0.0015 –0.0013 0.0133 0.0136 5.99
(0.0000) 

–5.94
(0.0000) 

8.28
(0.0000) 

7 7483 4943 0.0009 –0.0008 0.0093 0.0090 5.70
(0.0000) 

–8.69
(0.0000) 

10.32
(0.0000) 

8 2650 2046 0.0020 –0.0020 0.0209 0.0203 3.32
(0.0009) 

–5.95
(0.0000) 

6.64
(0.0000) 

9 2334 1779 0.0010 –0.0008 0.0090 0.0086 4.12
(0.0000) 

–5.04
(0.0000) 

6.50
(0.0000) 

10 2609 2040 0.0012 –0.0012 0.0145 0.0147 2.92
(0.0035) 

–5.01
(0.0000) 

5.70
(0.0000) 

11 3091 885 0.0019 –0.0018 0.0162 0.0156 3.21
(0.0012) 

–5.34
(0.0000) 

6.23
(0.0000) 

End of the table A4
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nb ns x b x s sb ss T1 T2 T3

12 4929 4141 0.0020 –0.0016 0.0198 0.0196 6.07
(0.0000) 

–6.47
(0.0000) 

8.87
(0.0000) 

13 2631 1363 0.0014 –0.0014 0.0125 0.0118 5.22
(0.0000) 

–4.67
(0.0000) 

6.88
(0.0000) 

14 2403 1581 0.0013 –0.0011 0.0120 0.0122 4.45
(0.0000) 

–4.22
(0.0000) 

6.08
(0.0000) 

15 2457 1799 0.0012 –0.0011 0.0123 0.0119 3.44
(0.0006) 

–4.96
(0.0000) 

6.00
(0.0000) 

16 6349 3077 0.0011 –0.0012 0.0116 0.0118 5.56
(0.0000) 

–7.44
(0.0000) 

9.28
(0.0000) 

17 1466 683 0.0022 –0.0025 0.0230 0.0231 3.07
(0.0022) 

–3.19
(0.0015) 

4.36
(0.0000) 

18 2739 900 0.0021 –0.0016 0.0195 0.0194 3.99
(0.0007) 

–3.41
(0.0001) 

4.95
(0.0000) 

19 2129 2824 0.0020 –0.0019 0.0170 0.0168 5.05
(0.0000) 

–6.44
(0.0000) 

8.03
(0.0000) 

20 1714 3259 0.0093 –0.0069 0.0861 0.0844 4.36
(0.0000) 

–4.81
(0.0000) 

6.34
(0.0000) 

21 2438 1756 0.0020 –0.0021 0.0226 0.0233 4.05
(0.0001) 

–4.17
(0.0000) 

5.80
(0.0000) 

22 1815 718 0.0016 –0.0022 0.0149 0.0163 4.03
(0.0001) 

–4.05
(0.0001) 

5.52
(0.0000) 

23 559 866 0.0107 –0.0096 0.1017 0.1013 2.50
(0.0128) 

–2.78
(0.0055) 

3.69
(0.0000) 

24 2288 1328 0.0016 –0.0014 0.0138 0.0141 4.37
(0.0000) 

–4.54
(0.0000) 

6.25
(0.0000) 

25 1002 1992 0.0015 –0.0016 0.0180 0.0173 3.47
(0.0005) 

–2.80
(0.0052) 

4.44
(0.0000) 

26 5440 4274 0.0010 –0.0011 0.0118 0.0120 5.14
(0.0000) 

–7.17
(0.0000) 

8.78
(0.0000) 

27 6444 4780 0.0013 –0.0012 0.0124 0.0120 6.50
(0.0000) 

–8.85
(0.0000) 

10.93
(0.0000) 

28 2137 1388 0.0011 –0.0013 0.0133 0.0131 3.54
(0.0004) 

–4.02
(0.0001) 

5.36
(0.0000) 

29 4271 4696 0.0020 –0.0020 0.0191 0.0197 6.60
(0.0000) 

–7.26
(0.0000) 

9.80
(0.0000) 

30 4343 2894 0.0014 –0.0013 0.0139 0.0136 5.45
(0.0000) 

–6.36
(0.0000) 

8.38
(0.0000) 

Note. P-values are in the parenthesis, and all are significant at a = 0.01.

End of the table A5
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Table A6. Results for t-tests from MA(1,5,0) to 30 simulated closing or stock index prices 
where their returns following i.i.d. fat-tailed T(3) distributions

nb ns x b x s sb ss T1 T2 T3

1 12956 12076 0.0091 –0.0088 0.0191 0.0187 51.39
(0.0000) 

–51.89
(0.0000) 

74.87
(0.0000) 

2 2104 1842 0.0121 –0.0122 0.0216 0.0408 24.14
(0.0000) 

–13.59
(0.0000) 

22.90
(0.0000) 

3 7724 7074 0.0086 –0.0086 0.0195 0.0233 37.16
(0.0000) 

–32.41
(0.0000) 

48.52
(0.0000) 

4 1567 1490 0.0342 –0.0310 0.0616 0.0608 20.42
(0.0000) 

–21.21
(0.0000) 

29.44
(0.0000) 

5 4556 4125 0.0065 –0.0066 0.0118 0.0121 35.55
(0.0000) 

–36.69
(0.0000) 

51.08
(0.0000) 

6 4165 3607 0.0111 –0.0114 0.0188 0.0202 35.71
(0.0000) 

–35.67
(0.0000) 

50.34
(0.0000) 

7 6699 5922 0.0076 –0.0075 0.0174 0.0148 33.28
(0.0000) 

–41.64
(0.0000) 

52.60
(0.0000) 

8 2522 2369 0.0168 –0.0172 0.0290 0.0511 28.53
(0.0000) 

–16.70
(0.0000) 

28.38
(0.0000) 

9 2215 2093 0.0073 –0.0072 0.0132 0.0135 25.06
(0.0000) 

–25.22
(0.0000) 

35.55
(0.0000) 

10 2492 2382 0.0117 –0.0116 0.0193 0.0211 29.52
(0.0000) 

–27.53
(0.0000) 

40.1963
(0.0000) 

11 2180 1991 0.0135 –0.0132 0.0230 0.0238 25.79
(0.0000) 

–26.26
(0.0000) 

36.79
(0.0000) 

12 4643 4622 0.0167 –0.0166 0.0333 0.0415 33.95
(0.0000) 

–27.33
(0.0000) 

42.56
(0.0000) 

13 2107 2082 0.0099 –0.0101 0.0158 0.0194 28.88
(0.0000) 

–23.60
(0.0000) 

36.52
(0.0000) 

14 2073 2106 0.0098 –0.0102 0.0178 0.0204 25.78
(0.0000) 

–22.37
(0.0000) 

33.83
(0.0000) 

15 2361 2090 0.0099 –0.0094 0.0188 0.0161 23.40
(0.0000) 

–28.96
(0.0000) 

36.80
(0.0000) 

16 4937 4684 0.0093 –0.0093 0.0171 0.0169 37.18
(0.0000) 

–38.63
(0.0000) 

53.61
(0.0000) 

17 1176 1168 0.0189 –0.0200 0.0351 0.0399 18.9789
(0.0000) 

–16.73
(0.0000) 

25.09
(0.0000) 

18 1891 1943 0.0174 –0.0178 0.0307 0.0335 25.25
(0.0000) 

–22.90
(0.0000) 

33.97
(0.0000) 

19 2639 2509 0.0151 –0.0143 0.0532 0.0424 13.82
(0.0000) 

–17.81
(0.0000) 

21.97
(0.0000) 

20 2626 2542 0.0068 –0.0068 0.0117 0.0127 29.27
(0.0000) 

–27.60
(0.0000) 

40.11
(0.0000) 

21 2165 2224 0.0093 –0.0097 0.0169 0.0189 26.53
(0.0000) 

–23.47
(0.0000) 

35.21
(0.0000) 

22 1377 1351 0.0123 –0.0132 0.0202 0.0478 23.14
(0.0000) 

–9.87
(0.0000) 

18.05
(0.0000) 
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nb ns x b x s sb ss T1 T2 T3

23 833 787 0.0820 –0.0805 0.1353 0.1352 16.81
(0.0000) 

–17.35
(0.0000) 

24.16
(0.0000) 

24 1999 1812 0.0108 –0.0111 0.0187 0.0200 25.02
(0.0000) 

–24.48
(0.0000) 

34.91
(0.0000) 

25 1517 1672 0.0140 –0.0146 0.0249 0.0263 23.44
(0.0000) 

–21.14
(0.0000) 

31.52
(0.0000) 

26 5846 5573 0.0099 –0.0099 0.0178 0.0247 41.74
(0.0000) 

–30.75
(0.0000) 

49.16
(0.0000) 

27 5752 5667 0.0097 –0.0104 0.0175 0.0298 43.05
(0.0000) 

–25.53
(0.0000) 

43.76
(0.0000) 

28 1969 1842 0.0102 –0.0106 0.0178 0.0190 25.19
(0.0000) 

–24.42
(0.0000) 

35.01
(0.0000) 

29 4623 4539 0.0160 –0.0160 0.0291 0.0302 37.06
(0.0000) 

–36.10
(0.0000) 

51.70
(0.0000) 

30 3785 3647 0.0113 –0.0113 0.0190 0.0202 35.81
(0.0000) 

–34.33
(0.0000) 

49.51
(0.0000) 

Note. P-values are in the parenthesis, and all are significant at  a = 0.01.

Table A7. Results for t-tests from MA(1,200,0) to 30 simulated closing or stock index prices 
where their returns following i.i.d. fat-tailed T(3) distributions

nb ns x b x s sb ss T1 T2 T3

1 15346 9491 0.0019 –0.0019 0.0201 0.0219 11.55
(0.0000) 

–8.39
(0.0000) 

13.55
(0.0000) 

2 2565 1186 0.0024 –0.0030 0.0247 0.0497 3.47
(0.0003) 

–2.61
(0.0046) 

3.58
(0.0003) 

3 9299 5304 0.0019 –0.0020 0.0203 0.0268 6.95
(0.0000) 

–6.67
(0.0000) 

9.24
(0.0000) 

4 1912 950 0.0068 –0.0066 0.0627 0.0803 3.09
(0.0010) 

–3.45
(0.0000) 

4.51
(0.0000) 

5 5230 3256 0.0013 –0.0011 0.0137 0.0133 4.91
(0.0000) 

–6.19
(0.0000) 

7.90
(0.0000) 

6 4710 2867 0.0024 –0.0021 0.0219 0.0232 5.51
(0.0000) 

–6.46
(0.0000) 

8.47
(0.0000) 

7 7834 4592 0.0015 –0.0013 0.0183 0.0169 4.87
(0.0000) 

–7.28
(0.0000) 

8.71
(0.0000) 

8 2642 2054 0.0031 –0.0034 0.0330 0.0567 4.26
(0.0000) 

–3.01
(0.0013) 

4.62
(0.0000) 

9 2365 1748 0.0016 –0.0015 0.0154 0.0148 4.15
(0.0000) 

–4.81
(0.0000) 

6.35
(0.0000) 

10 2740 1939 0.0021 –0.0021 0.0225 0.0247 4.04
(0.0000) 

–4.27
(0.0000) 

5.85
(0.0000) 

11 2392 1584 0.0025 –0.0023 0.0260 0.0278 3.35
(0.0004) 

–4.32
(0.0000) 

5.46
(0.0000) 

End of the table A6
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nb ns x b x s sb ss T1 T2 T3

12 4993 4077 0.0036 –0.0039 0.0372 0.0451 6.55
(0.0000) 

–5.70
(0.0000) 

8.48
(0.0000) 

13 2107 2082 0.0099 –0.0101 0.0158 0.0194 28.88
(0.0000) 

–23.60
(0.0000) 

36.52
(0.0000) 

14 1843 2141 0.0019 –0.0020 0.0225 0.0207 4.20
(0.0000) 

–3.88
(0.0000) 

5.71
(0.0000) 

15 2946 1310 0.0021 –0.0021 0.0203 0.0190 3.43
(0.0003) 

–5.56
(0.0000) 

6.52
(0.0000) 

16 4878 4548 0.0022 –0.0018 0.0199 0.0187 6.87
(0.0000) 

–7.39
(0.0000) 

10.08
(0.0000) 

17 829 1320 0.0038 –0.0030 0.0414 0.0434 3.01
(0.0013) 

–2.14
(0.0161) 

3.68
(0.0002) 

18 1517 2122 0.0035 –0.0033 0.0332 0.0390 4.60
(0.0000) 

–3.43
(0.0003) 

5.68
(0.0000) 

19 3114 1839 0.0036 –0.0026 0.0517 0.0284 3.01
(0.0013) 

–5.16
(0.0000) 

5.44
(0.0000) 

20 2544 2429 0.0014 –0.0012 0.0138 0.0143 4.51
(0.0000) 

–4.40
(0.0000) 

6.29
(0.0000) 

21 1698 2496 0.0018 –0.0020 0.0195 0.0206 4.38
(0.0000) 

–4.14
(0.0000) 

6.02
(0.0000) 

22 1011 1522 0.0026 –0.0024 0.0251 0.0469 3.75
(0.0000) 

–1.74
(0.0410) 

3.51
(0.0004) 

23 818 607 0.0211 –0.0219 0.1577 0.1641 3.27
(0.0005) 

–3.76
(0.0001) 

4.98
(0.0000) 

24 1936 1680 0.0020 –0.0019 0.0222 0.0220 3.158
(0.0008) 

–4.33
(0.0000) 

5.32
(0.0000) 

25 1053 1941 0.0031 –0.0031 0.0291 0.0295 4.53
(0.0000) 

–3.25
(0.0006) 

5.58
(0.0000) 

26 6423 4801 0.0021 –0.0021 0.0201 0.0272 7.28
(0.0000) 

–5.87
(0.0000) 

8.86
(0.0000) 

27 5133 6091 0.0019 –0.0020 0.0201 0.0308 7.63
(0.0000) 

–4.41
(0.0000) 

8.01
(0.0000) 

28 1831 1785 0.0020 –0.0022 0.0206 0.0213 3.84
(0.0001) 

–4.65
(0.0000) 

6.01
(0.0000) 

29 4324 4643 0.0035 –0.0030 0.0331 0.0342 6.55
(0.0000) 

–6.37
(0.0000) 

9.13
(0.0000) 

30 3932 3305 0.0021 –0.0022 0.0221 0.0231 5.51
(0.0000) 

–5.93
(0.0000) 

8.09
(0.0000) 

Note. All are significant at  a = 0.01 except for test statistic T2 in rows 17 and 22 as bolded.

End of the table A7




